Using the torus action method, we construct one variable polynomial representation of quantum cohomology ring for degree k hypersurface in CP N −1 . The results interpolate the well-known result of CP N −2 model and the one of Calabi-Yau hypersuface in CP N −1 . We find in k ≤ N − 2 case, principal relation of this ring have very simple form compatible with toric compactification of moduli space of holomorphic maps from CP 1 to CP N −1 . 1
Introduction
In recent years, study of topological sigma model has made a great progress. In my point of view, these models are classified into following types.
A. topological sigma model (pure matter theory) with the 2, we can solve these models using mirror symmetry [9] , [10] and [21] . We may also consider the case when the target manifold M is Fano variety, i.e., c 1 (T ′ M) ≥ 0. In [15] and [19] , it was shown that models coupled to gravity (small phase space, tree level) can be solved imposing associativity condition of operator algebra. In fact, calculation of amplitudes for general Fano variety by using this method is tedious, but we can't deny the effectiveness of this approach. On the other hand, when target space is CP 1 , the simplest Fano variety, the matrix integral representation of partition function of the model coupled to gravity (large phase space, all genus) was given in [29] by constructing Lax operator formalism of flows induced from insertion of all BRST closed operators. Then we can naturally ask whether we can construct Lax operator representation of sigma models on general Fano varieties. But we don't pursue this problem in this paper.
In this paper we consider the case A.1, topological sigma models on Fano varaeties without coupling to gravity. In this case, Vafa and Intriligator [4] conjectured quantum cohomology rings that correspond to the solutions of sigma models on Grassmanianns. They first considered Landau-Ginzburg potential W (X) that determines the relations (ideal) of classical cohomology ring of Grassmannians. For example, W (X) in CP N model is given by
where X represents the Kähler form of CP N , the generator of H * (CP N , C). Then the relation of H * (CP N , C) is obtained from ∂ X W (X) = 0
From this we can determine ring structure of H * (CP N , C). Then they argued that relations of the quantum cohomology ring are generated by Landau-Ginsburg potential perturbed along the direction of Kähler form,
where q(:= e −t ) is the deformation parameter which counts the degree of instanton (holomorphic maps from Riemann surface to CP N ). Relation of quantum cohomology ring is derived in the same way as the classical case,
For a general Grassmannian Gr(N, N +M) whose cohomology ring has N generators, the situation is the same. Let W 
where f A i (X) represents A i ∈ H * (Gr(N, N + M), C) in Landau-Ginzburg representation of H * (Gr(N, N + M), C) and O A i denotes BRST-closed operator of sigma model induced from A i . In this case, f A i (X) receives no quantum correction. Correlation functions evaluated from (6) take integer values and are non-vanishing only if the topological selection rule of sigma model is satisfied.
In this construction, geometrical aspect of sigma models, i.e., counting of instantons from Riemann surface to target space M is not clear. But let us assume the fusion rule of correlation function of pure matter theory which can be derived from taking the position of operator insertion points z 1 , z 2 in an infinitesimally small disc, or equivalently from putting z 1 , z 2 on one component of a stable curve with one branch point and z 3 , · · · , z k on the other.
In (7), z s1 and z s2 are the positions of the double singularities on each component and η ab is the flat metric defined from two point functions of the model which receives no quantum correction.
This relation naturally leads us to consider the algebra defined by
Note that we can regard this definition as the generalized form of multiplication rule of classical cohomology algebra
Then the geometrical evaluation of three point functions should reproduce the quantum cohomology algebra of Grassmannians and coincide with the result of LandauGinzburg approach. This line of discussion was done by Bertram and Ruan et al [2] , [3] .
In this paper we treat sigma models on degree k hypersurface in 
One can see that from (2) , (11) is the same as the relation of H * (CP N −2 , C). Of course, we can also derive the same ring structure by using classical three point functions and metric,
where
Then our assertion is that quantum version of H *
Degree counting parameter q reveals itself in O e α O e β O e γ . This is equivalent to the assumption of restricted fusion rule,
In (15), we assumed that n-point correlation function with (n − 1) insertions of O e α 's and 1 insertion from 
, but numerical results of this paper makes no contradiction with (15) .
Then what remains to consider is the evaluation of three point functions. These are computed from two facts : 1. Three point functions of pure matter theory and of theory coupled to gravity coincide. 2. Three point functions of theory coupled to gravity are evaluated by using the torus action method [1] .
In this way, we determined the ring structure of H * q,e (M k N , C) and find the quantum generalization of the relation (11) if k is no more than N − 2.
By setting O e := X, we can regard (16) as generalization of (4),
which reduces to the result of CP N −2 model in k = 1 case. (16) tells us that for k ≥ 2 case, the direction of deformation is no longer the one of Kähler operator, and O e α (α ≥ 2) indeed receives quantum correction in this case.
We found some curious relations among γ N,k α,d 's which seems to suggest that higher quantum corrections (d ≥ 2) are written in terms of γ N,k α,1 's, i.e., degree 1 instanton corrections. This is natural because relation (17) receives corrections only from degree 1 sector.
With these results we obtain the residue formula of correlation functions with full insertion of elements of H *
This is the generalization of (6). The relation (16) has some geometrical meaning. Using (19), we can easily see
In [21] , we found that correlation function
using mirror symmetry. We asserted there that the top term (N dN +1 ) can be evaluated from simple compactification of moduli space M
into CP (d+1)N −1 ) and that correction terms appear as the effect of boundary components added in the process of compactification. This argument is shown to correspond to the result of gauged linear sigma model in [28] . (20) tells us that there are no correction terms in k ≤ N − 2 case. This fact can be explained from the above point of view. Boundary components are irrelevant in this case in view of the dimensional counting.
In section 2, we review fundamental facts of topological sigma model (A-model) for pure matter case, introduce the notion of quantum cohomology algebra and discuss its applications to pure A-model.
In section 3, we briefly explain the strategy of the construction of quantum cohomology ring of M k N . In section 4, we reformulate this ring as the polynomial algebra of O e and discuss its characteristic structure when k ≤ N − 2. In section 5, we try to understand geometrical reason of the bound k ≤ N − 2 and explain why under this bound boundaries of
are irrelevant in integration of forms. All numerical results used in this paper are collected at the end of this paper.
Topological Sigma Model (A-model)
Topological sigma model is constructed from twisting N = 2 super symmetric sigma model that describes maps from Riemann surface Σ to Kähler manifold M (In this paper we limit genus of Riemann surface to 0). Then we have the following Lagrangian.
where φ is the map from CP 1 to M, the only bosonic degrees of freedom of this model, and χ is fermionic ghost fields with ghost number 1 and ψ are anti-ghosts with ghost number −1. This Lagrangian is invariant under the BRST-transformation,
We define the generator of this transformation as Q ,i.e., Q acts as δV = −α{Q, V } for any field V . This transformation is nilpotent and we only have to consider BRSTclosed operator as observables of this theory. BRST-closed observables are constructed from closed form on M.
we define a corresponding operator
Then from BRST-transformation rules, we have
This tells us that we can construct BRST-closed observable O A from the element A of de Rham cohomology ring
Of course, Lagrangian L satisfies {Q, L} = 0. Moreover we can rewrite L modulo ψ equation of motion in the following form.
Σ Φ * (e) is the integral of pull-back of the Kähler form e of M and equals Φ * (Σ) ∩ P D(e) where P D(W ) denotes Poincare dual of W ∈ H * (M). We call Φ * (Σ)∩P D(e) as the degree of maps and divide the phase space into sectors B d with fixed degree d. In B d , the second term of (25) is fixed to td. Then since the first term of (25) is BRST-exact, path-integral is invariant under the variation of the coupling constant. We can easily check this by taking infinitesimal variation of t. And we can take weak coupling limit t → ∞. In this limit, the saddle point approximation of path integral becomes exact and the saddle point is given by the fixed point of BRSTtransformation,
Especially, the saddle point of bosonic degrees of freedom is given by holomorphic map from CP 1 to M. This saddle point has moduli and we denote this moduli space as M M 0,d where is d is the degree of holomorphic maps. We can count the dimension of
where f denotes holomorphic map from Σ to M considered as the point of
, and ψ zero modes (ψ 0 ), the number of which is equal to dim(
Then by integrating over non-zero modes, we obtain effective Lagrangian L ef f containing ψ 0 and χ 0 .
Since L ef f conserves ghost number, we have to compensate this ghost number anomaly by external operator insertions. To make situations simpler, we treat observables induced from analytic cohomology elements A ∈ H i,i (M, C). We define ghost number of O A as dim C (A) = i. Then cancelation condition of ghost number anomaly reduces to
This is the topological selection rule. And with this selection rule, we can rewrite
With this set up, we evaluate path-integral. Note that remaining degrees of freedom is moduli space of holomorphic maps from Σ to M and ψ and χ zero modes. First, we consider the generic case when dim(
In this case, L ef f. equals zero because it conserves ghost number. By taking A j ∈ H i,i (M, C) as the form which has delta function support on P D(A j ), we pick up holomorphic maps which satisfies the following condition in integration of moduli space.
These conditions impose dim
for each j because we use (dim C (A j ) − 1) degrees of freedom to make f (CP 1 ) intersect P D(A j ) and 1 degrees of freedom to make f (z j ) ∈ P D(A j ). These constraints kill all the moduli degrees of freedom as we can easily see from (31) . Remaining fermionic fields are balanced by the measure of zero modes in the Grassmann integrand, and correlation function results in
We can rewrite (34) into more compact form using the evaluation map
as follows.
Next, we consider the non-generic case when dim
is decomposed into a direct sum of line bundles on CP 1 as follows.
From (37) and (38), we obtain
and
Then we assume the following.
Assumption For an irreducible map f (having no multiple cover map component), dim(H
Under this assumption, we obtain two cases when f
The reason why we pick up the above two cases is that reduced mapf (= f • ϕ ,ϕ is degree n holomorphic map from CP 1 to CP 1 ) indeed has non zero H 1 . For these cases,f
and dimH 1 's are counted as follows.
In such cases, these H 1 's are stable and we can integrate out corresponding ψ 0 with weight exp(−L ef f ). In [30] and [31] , it was shown that these integration results in the top Chern class of obstruction bundle
,n as components of moduli space of reduced maps of degree d with n multiple cover). Then we obtain following formula.
Of course, the generic case is included in (44), if we consider F as rank 0 bundle in this case. In case 1, we can further reduce F as a bundle on M CP 1 0,n and derive well-known multiple cover formula for models on Calabi-Yau manifolds. In case 2, we cannot argue heuristically that F as a bundle on M
and we have nontrivial mixture of the top Chern class and evaluation map contribution. We also have to note that in this case, non trivial contribution should come only from d = n part. Anyway further analysis is needed [35] .
Lastly, we explain the notion of the quantum cohomology ring on M as the extension of the classical cohomology rings on M. Ring structure of classical cohomology ring on M is determined by the classical three point function C ijk and the metric η ij defined by
In this definition multiplication rules are written as follows
Then we define quantum cohomology ring on M. In this ring we change C ijk into C q ijk which we set to three point functions of topological sigma model (A-model) having as world sheet as CP 1 . Metric is unchanged under the assumption of flat metric condition. Then multiplication rules are defined as,
Since M M 0,0 is the moduli space of constant maps from CP 1 to M, it can be identified with M itself. Then if we expand C q ijk by q, we can see the coefficients of q 0 equals classical C ijk . In this sense, this algebra is natural extension of the classical cohomology ring on M. We can see this algebra is commutative by definition. We assume it is also associative algebra. In the theory coupled with gravity, this condition is powerful to determine correlation functions in the small phase space. [15] Quantum cohomology ring is an effective notion in treating pure matter theory. Since in pure matter theory, |O A i 's span entire Hilbert space, we can insert identity operator |O A i η ij O A j | into correlation functions. Especially fusion rules follow from this fact.
This relation can be rewritten using (47) as follows.
Then by taking product of quantum cohomology ring successively, we can reduce the number of inserted operators to two. In this way correlation functions of pure matter theory having world sheet as CP 1 are reduced to the problem of determination of all the three point functions.
We make one final remark of this section. If this algebra has some relation R(O A i ) = 0, we can easily see from (49),
So we can compute correlation functions more effectively if we find non-trivial relation of the ring.
3 Strategy for Determination of Quantum Cohomology Ring of M k N
In this paper, we treat the topological sigma model with a target space which is the
. Correspondingly, we assume that BRST-closed observables O e α (α = 0, 1, · · · , N − 2) form a closed sub-algebra in quantum cohomology ring of M k N (Operator algebra in pure matter theory). Then we investigate this subalgebra H * q,e (M k N ) in the following way. Operator product algebra is constructed by three point functions and metric as we mentioned in Section 2.
Correlation functions in pure matter theory satisfy the fusion rule.
In (52) and (53) 
where to M k N of pure matter theory and those of the theory coupled to gravity with three punctures (operator insertion points) respectively. F and F ′ are obstruction bundle coming from H 1 . We insert δ α+β+γ,(N −k)d+N −2 to represent the topological selection rules explicitly. 
, these degrees of are killed by dividing by SL(2, C) but the degrees of freedom that change the position of {z 1 , z 2 , z 3 } on CP 1 are added. Since SL(2, C) can be considered as the degrees of freedom which maps {0, 1, ∞} to any distinct points {z 1 , z 2 , z 3 }, this difference cannot be distinguished under the action of the evaluation maps φ i ,φ i . As to equivalence of c T (F ) and c T (F ′ ), we have to rely on numerical results. Equivalence in Calabi-Yau case was examined in [1] and [5] .
Then we determine H * e,q (M k N ) with the following strategy. 1. Using the equality of (54), we evaluate all the three point functions using the torus action method with the following equation [5] .
where H is hyperplane bundle on CP N −1 ,π 3 is 3-fold forgetful map from M
2. We can consider O e as the generator of H * q,e (M N,k ), and we only have to determine multiplication rule for O e . In other words, if we set
is constructed under the assumption of its commutativity and associativity as follows. for k ≤ N − 2 and N ≤ 9 case and find the ideal includes the following relation.
(
Numerical results are shown in appendix A. In this case, using (63) and
Reformulation as One Variable Polynomial Algebra
With some algebra, we can rewrite the relations (62) into the form 
correlation functions are written in the residue form which follows from (53) as is well-known in [4] ,
)dX (72) where the integration contour C ∞ is a small circle around X = ∞ in the counterclockwise direction. These results are collected in Appendix B.
Proof of (72) First, we assume the following relation,
where h(X) is a certain polynomial of X.
To be more precise, we have to "check" (73) by numerical calculation to justify our construction but we heuristically rely on completeness of this algebra. Then
The first term of (74) vanishes because if we set X ′ = 1 X
, we have terms with degree no more than −2 in the integrand. And we have shown fusion rule for representation of (72).
Then by induction, we only have to show the following formula.
But, by inserting O e 0 = 1 formally, (this insertion does not change the value of correlation function) and using (73) again, we only have to show the following relation instead of (75).
(76) is trivial if we change the variable X into
At first sight, this reformulation seems to be superficial, but we find some curious relation between γ
We can reconstruct some of the above relations from the compatibility of the expansion form of (37) and relation (63), but we are not sure that all of them follow from it at this stage. With these relations, we can figure out some characteristic feature of H * q,e (M k N ). First, quantum correction of degree 1 to H * q,e (M k N ) does not depend on N, which can be easily seen from relation 1. So we think these correction coefficients γ ] + 1, no corrections occur from sectors with degree greater than 1. But degree 1 corrections remain stable since they exist as long as α is no less than N − k. This seems to support our first speculation. We will show some examples of these features using the results of H * q,e (M 6 N ).
Xq
where γ 
Geometrical Interpretation
In this section, we will briefly discuss why relation (63) or equation (64) holds from the geometrical point of view.
. So we can expect the following formula.
c (N,k) is the form which impose the following condition on f ∈ M
Since holomorphic map from CP 1 to CP N −1 of degree d is described by the polynomial map as follows, we can roughly compactify M
Using this compactification, we can realize c (N,k) as follows.
Since each f l (a i j ) is a homogeneous polynomial of a i j of degree k, we can regard them as kẽ := kc 1 (H) whereH is hyperplane bundle of CP N (d+1)−1 . And we have
We can easily see that ϕ * i (e) =ẽ from the definition of ϕ i and we have
Our calculation in section 3 tells us this compactification gives an exact result when k ≤ N − 2. To derive this bound geometrically, we have to analyze points in CP N (d+1)−1 added in the process of compactification. As was said in [21] and [28] , these points are characterized by the fact that all A i d 's have common divisor. This situation can be described by the following sequence of maps.
In the calculation, we must treat Im(η j ) carefully. Then why (102) is correct in k ≤ N − 2 case ? This can be understood as follows. Consider the first non-trivial boundary Im(η 1 ). 
Then if the condition k ≤ N − 2 is satisfied, we have
(106) tells us that the condition (100) may make the contribution from Im(η 1 ) be a space whose dimension is no less than dim(M
assures us that it is irrelevant in view of the dimensional counting.
Conclusion
Our main result of this paper is the determination of the bound k ≤ N −2. Under this bound, principal relation of quantum cohomology ring is written in a simple form,
is mainly characterized by k, so polynomial representations of operators with different N are alike with each other. These seem to be determined by the correction coefficients γ k α,1 coming from holomorphic maps of degree 1 which are invariant under variation of N, though we cannot give complete formulation in this paper. We give geometrical interpretation of this bound in section 5 but this argument does not explain why insertion of operator O e 2 and (O e ) 2 are distinct even if k ≤ N − 2. These insertions cannot be distinguished by our simple logic. Looking around the situations, it seems to be effective only with the insertion of BRST-closed operator induced from Kähler forms in treating hypersurface in weighted projective space. Of course, as can be seen in [2] , moduli spaces of manifolds like Grassmannians which are defined as homogeneous spaces are compactified without ambiguous process like the one in (100). In this case, such troubles do not arise. Finally, we discuss what our results tells us with respect to k = N − 1, N case. At least, it supports our assertion that the first term of N-expansion of
comes from the compactifiaction treated in this paper but explanation of correction terms from this point of view is still not clear. 
Appendix A Multiplication Rules of H
H *
